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Abstract
We study the space–time evolution of the fine structure constant, α, inside evolving spherical overdensities in a lambda-CDM
Friedmann universe using the spherical infall model. We show that its value inside virialised regions will be significantly larger
than in the low-density background universe. The consideration of the inhomogeneous evolution of the universe is therefore
essential for a correct comparison of extragalactic and solar system limits on, and observations of, possible time variation in
α and other constants. Time variation in α in the cosmological background can give rise to no locally observable variations
inside virialised overdensities like the one in which we live, explaining the discrepancy between astrophysical and geochemical
observations.
 2004 Elsevier B.V.
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Open access under CC BY license.Recent observations of small variations in rela-
tivistic atomic structure in quasar absorption spectra
[1] suggest that the fine structure constant α, was
smaller at redshifts z= 1–3 than the current terrestrial
value α0 = 7.29735308×10−3, with α/α ≡ {α(z)−
α0}/α0 =−0.543± 0.116× 10−5. Several theories of
varying α have been proposed to investigate the impli-
cations [2]. Time-varying α requires a scalar field that
couples to electromagnetically-charged matter. Vari-
ations in α, allowed by the conservation of energy
and momentum will then depend on the expansion of
the universe and the evolution of the electromagneti-
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Open access under CC BY license.cally coupled matter. The inclusion of electroweak or
grand unification will create more complicated con-
sequences and constraints [3]. Variations in α due to
perturbation in the matter fields were first studied in
[5], using the linear theory of cosmological perturba-
tions. It was shown there, that perturbations in α will
grow during the matter-dominated epoch and will be
constant or decay during the other eras. In [6] the ef-
fects of α on gravity were also analysed. However,
any effects on the time and spatial evolution of α due
to cluster and galaxy formation has been ignored in
the literature. This is a major weakness and, as a re-
sult, past attempts to confront observations on extra-
galactic scales with lab or solar system constraints on
α variation are all questionable. This Letter describes
the first attempts to follow the inhomogeneous evolu-
tion of α during the development of non-linear cos-
mic structures. We compare the evolution of α in the
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universe.
We will study variations in α in the Bekenstein–
Sandvik–Barrow–Magueijo (BSBM) theory [4], which
assumes that the total action of the Universe is given
by
(1)S =
∫
d4x
√−g (Lg +Lm +Lψ +Leme−2ψ).
In the BSBM varying-α theory, the quantities c and
h¯ are constants, while e varies as a function of a real
scalar field ψ, with e = e0eψ . Lψ = ω2 ∂µψ∂µψ , ω
is a coupling constant, and Lem = − 14fµνf µν . The
gravitational Lagrangian is the usual Lg = − 116πGR,
with R the Ricci curvature scalar. Lm is the matter
fields Lagrangian. Defining an auxiliary gauge poten-
tial by aµ = Aµ and a new Maxwell field tensor by
fµν = Fµν = ∂µaν − ∂νaµ, the covariant derivative
takes the usual form,Dµ = ∂µ+ ie0aµ. The fine struc-
ture constant is then α ≡ α0e2ψ with α0 the present
value here.
The background universe will be described by
a flat, homogeneous and isotropic Friedmann metric
with expansion scale factor a(t). Varying the total
Lagrangian we obtain the Friedmann equation (h¯ =
c ≡ 1) for a universe containing dust, of density ρm
∝ a−3 and a cosmological constant Λ with energy-
density ρΛ ≡ Λ/(8πG):
(2)3H 2 = 8πG(ρm(1+ |ζ |e−2ψ)+ ρψ + ρΛ),
where H ≡ a˙/a is the Hubble rate, ρψ = ω2 ψ˙2, and
ζ = Lem/ρm is the fraction of the matter which carries
electric or magnetic charges. The value (and sign) of ζ
will depend on the nature of dark matter: ζ ≈ 10−4 for
neutrons or protons but ζ = −1 for superconducting
cosmic strings [4]. The scalar-field evolution equation
is
(3)ψ¨ + 3Hψ˙ =−2e−2ψζρm/ω.
Variations in α, due to the formation of overdense
spherical regions, can be studied using the spherical
infall model [10]. We model the spherical overdense
inhomogeneity by a closed Friedmann metric and the
background universe by a spatially flat Friedmann
model. Each has their own expansion scale factor and
time, which are linked by the condition of hydrostatic
support at the boundary. This approach is equivalentto study the effect of perturbations to the Friedmann
metric by considering spherically symmetric regions
of different spatial curvature in accord with Birkhoff’s
theorem. The density perturbations need not to be uni-
form within the sphere: any spherically symmetric per-
turbation will evolve within a given radius in the same
way as a uniform sphere containing the same amount
of mass. Clearly, this model ignores any anisotropic
effects of gravitational instability or collapse. Simi-
lar results could be obtained by performing the analy-
sis of the BSBM theory using a spherically symmet-
ric Tolman–Bondi metric for the background universe
with account taken for the existence of the pressure
contributed by Λ and the ψ field. In what follows,
therefore, density refers to mean density inside a given
sphere.
Consider a spherical perturbation with constant in-
ternal density which, at an initial time, has an ampli-
tude δi > 0 and |δi |  1. At early times the sphere
expands along with the background. For a sufficiently
large δi, gravity prevents the sphere from expand-
ing. Three characteristic phases can then be identified.
Turnaround: the sphere breaks away from the general
expansion and reaches a maximum radius. Collapse: if
only gravity is significant, the sphere will then collapse
towards a central singularity where the densities of the
matter fields would formally go to infinity. In practice,
pressure and dissipative physics intervene well before
this singularity is reached and convert the kinetic en-
ergy of collapse into random motions. Virialisation:
dynamical equilibrium is reached and the system be-
comes stationary: there are no more time variations in
the radius of the system, R, or in its energy compo-
nents. In the spherical collapse model, due to its sym-
metry, the only independent coordinates are the radius
of the overdensity and time. Also, as is standard prac-
tice when using this model, we consider that there are
no shell-crossing which implies mass conservation in-
side the overdensity and independence of the radius
coordinate [10]. The equations can then be written ig-
noring the spatial dependence of the fields (but still
including an equation for the evolution of the radius).
Hence, the evolution of a spherical overdense patch of
scale radius R(t) is given by the Friedmann accelera-
tion equation:
(4)
3R¨ =−4πGR(ρcdm(1+ |ζ |e−2ψc)+ 4ρψc − 2ρΛ),
D.F. Mota, J.D. Barrow / Physics Letters B 581 (2004) 141–146 143where ρcdm is the total density of cold dark matter and
baryons in the cluster, ψc is the homogeneous field
inside the cluster and we have used the equations of
state pψc = ρψc , pcdm = 0 and pΛ = −ρΛ. In the
cluster, the evolution of ψc and ρcdm is given by
(5)ψ¨c + 3(R˙/R)ψ˙c =−2e−2ψcζρcdm/ω
and ρcdm ∝ R−3. The cluster will virialise when
(6)Tvir =−0.5UG+UΛ − 2Uψc,
where UG = − 35GM2R−1 is the potential energy
associated with the uniform spherical overdensity, UΛ
= − 45πGρΛMR2 is the potential associated with Λ,
and Uψc =− 35GMMψcR−4 is the potential associated
with ψc. Tvir is the kinetic energy, and M =Mcdm +
Mψc is the cluster mass, with Mcdm = 4π3 ρcdm(1 +
|ζ |e−2ψc)R3 and Mψc = 4π3 ρψcR6; Using the virial
theorem (6) and energy conservation when the cluster
virialises gives
(7)
0.5UG+ 2UΛ −Uψc |z=zv =UG +UΛ +Uψc |z=zta ,
where zv is the redshift of virialisation and zta is the
redshift at the turn-around of the over-density at its
maximum radius, when R =Rmax and R˙ ≡ 0.
The analysis in this Letter (which reduces com-
pletely to the linear perturbation analysis in the small
time limit when all inhomogeneities are small [5])
is valid for spherically symmetric perturbations right
into the non-linear regime, including turnaround and
collapse. Spatial gradients in pressure (and hence in
the scalar field) are negligible on large scales, ex-
ceeding the Jeans length. The scalar field is indeed
slightly inhomogeneous but the inclusion of a varying
α at a level consistent with observation [1], (α˙/α0 ∼
10−6H ), does not affect the overall expansion of the
universe or the dynamical collapse of the overdense
regions. The energy density associated with ψ is al-
ways a negligible contribution to the energy content of
the universe, both in the cluster and in the background,
if we are far from the initial or collapse singularities
[4]. After the fluctuation virialises and attains gravita-
tional equilibrium this assumption may no longer be
true, but our analysis like that of all other exact studies
of galaxy formation breaks down at that stage because
the resulting disk will be controlled by pressure and
gradients.Fig. 1. Evolution of α in the background (dashed line) and inside
clusters (solid lines) as a function of log(1+ z). Initial conditions
were set to match observations of α variation in Ref. [1]. Two
clusters virialise at different redshifts, one of them in order to
have αc(zv = 1) = α0. Vertical lines represent the moment of
turn-around.
The behaviour of the fine structure constant during
the evolution of a cluster can now be obtained by
numerically evolving the background Eqs. (2), (3) and
the cluster Eqs. (4), (5) until the virialisation condition
(7) holds. Since the Earth is in a virialised overdense
region, the initial conditions for ψ are chosen so as
to obtain our measured lab value of α at virialisation
αc(zv) = α0 and to match the latest observations [1]
for overdense regions at 3 |z− zv | 1. Since zv
is uncertain, we have chosen representative examples
with virialisation over the range 0 < zv < 10. This
is shown in Fig. 2, where the clusters have different
initial conditions in order to satisfy the constraints
described. This is just an example, since in reality,
the initial condition for ψ needs to be fixed only
once, for our Galaxy. Hence, α in other clusters will
have a lower or higher value (with respect to α0)
depending on their zv ; see Fig. 1. After virialisation
occurs the cluster radius becomes constant; time and
space variations in α are suppressed, and α becomes
constant. If there were any variations in α after
virialisation, the energy and radius of the cluster would
need to vary in order to conserve energy and this
is inconsistent with virialisation. This phenomenon
is not included in Fig. 1, since we did follow the
evolution to virialisation with a many-body simulation
which would need to include the fluid equations
that describe the pressure inside the cluster. In our
simulation, the virial condition is a ‘stop condition’
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inside clusters (solid lines) as a function of log(1 + z). Initial
conditions were set to match observations of α variation in Ref. [1].
Four clusters that virialised at different redshifts. All clusters were
started so as to have αc(zv)= α0.
and so we just observe the typical behaviour of
the cluster’s collapse as R → 0. Clearly, collapse
will never occur in practice; dissipative physics will
eventually intervene and convert the kinetic energy
of collapse into random motions. In addition to the
stationarity condition that occurs when the cluster
virialises, it can be seen from Fig. 2 that in all cases
the variation in α since the beginning of the cluster
formation is of order 10−5, and numerical simulations
give α˙/α ≈ 10−22 s−1. If variations in α are so small
for such a wide range of virialisation redshifts, we
can assume that the difference between the value of
αc at zv and at z = 0 will be negligible. Therefore
it is a good approximation to assume that the time-
evolution of both αc and of the cluster will cease
after virialisation. Although this is not necessarily
true (the cluster could keep accreting mass), it is a
good approximation in respect of the evolution of α,
especially for clusters which have virialised at lower
redshifts.
If we could measure α inside virialised overdensi-
ties and the corresponding value in the background,
at the time of their virialisation, then Figs. 3 and 4
would give us the evolution of αv or its time shift,
αv/αv, as a function of zv . Those figures show us
that differences in between the background and the
overdensities increase as zv → 0. This is due to the
earlier freezing of the value of α at virialisation, and
to our assumption that we live in a ΛCDM universe.Fig. 3. Plot of α as a function of log(1+zv), at virialisation. Clusters
(solid line), background (dashed line).
Fig. 4. Plot of α/α as a function of log(1 + zv), at virialisation.
Clusters (solid line), background (dashed line).
At lower redshifts, specially after Λ starts to domi-
nate, variations in α in the background are turned off
by the accelerated expansion. However, the value of α
in the collapsing cluster will keep growing until virial-
isation occurs. Numerical simulations give α/α(z=
2) = −6× 10−6 for the background and α/α(zv =
0.13)=−1.5× 10−7 in a cluster. At higher redshifts,
z 1, both αb and αc evolve in expanding environ-
ments: their increase is logarithmic in time before Λ
starts to dominate, so the difference between them will
be much smaller.
Spatial variations in α can be tracked using a ‘spa-
tial’ density contrast, defined by δα/α ≡ [αc−αb]/αb.
A plot of the spatial inhomogeneities in α with re-
spect to the matter density inhomogeneity, δρ/ρ, at
virialisation is shown in Fig. 5. Note that δα/α grows
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redshift. The evolution of α inside the clusters was normalised to
satisfy the latest time-variation observational results, and to have
αc(zv)= α0 for zv = 1.
in proportional to the density contrast of the matter
inhomogeneities (∝ t2/3 when both are small during
dust domination [5]). In a ΛCDM model, the density
contrast, ∆c = ρcdm(zv)/ρb(zv) increases as the red-
shift decreases. For high redshifts, the density contrast
at virialisation becomes the asymptotically constant
in standard (Λ = 0) CDM, ∆c ≈ 178 at collapse or
∆c ≈ 148 at virialisation. This is another reason why
at lower redshifts the difference between αv and αb in-
creases. Trends of variation in α can be then predicted
from the value of the matter density contrast of the
regions observed. Useful fitting formulas for the de-
pendence of α variation on δρ/ρ and the scale factor
a ≡ (1+ z)−1 are:
δα
α
= (5.56− 0.7σ 12 + 0.078σ + 0.00352σ 32 )
× 10−6,
δα
α
= (5.37+ 0.373θ 16 − 0.27θ 13 + 0.007θ 12 )
× 10−6,
α
α
=−(2.47− 1.81σ 12 + 0.59σ − 0.094σ 32 )
× 10−6,
where θ ≡ δρ
ρ
/∆cv , σ ≡ a/av . ∆cv and av are ‘input’
parameters defined when α(zv)= α0.
The evolution of α ≡ αb in the background and in-
side clusters depends mainly on the dominant equa-tion of state of the universe and the sign of the cou-
pling constant ζ
ω
, which is determined by the theory
and the dark matter identity. Here, we have assumed
that ω = 1, so all the dependence is in ζ . As shown in
Ref. [4], αb will be nearly constant for accelerated ex-
pansion and also during radiation-domination far from
the initial singularity (where the kinetic term, ρψ , can
dominate). Evolution of α will occur during the dust-
dominated epoch, where α increases logarithmically
in time for ζ < 0. When ζ is negative, α will be a
growing function of time but will fall for ζ positive [4].
Inside clusters αc will have the same dependence on ζ
as it has in the background. The sign of ζ is deter-
mined by the physical character of the dark matter that
carries electromagnetic coupling: if it is dominated
by magnetic energy then ζ < 0, if not then ζ > 0.
Our numerical simulations were performed assuming
ζ =−2× 10−4. If we had chosen ζ to be positive we
would find that αb would decrease as steeply as z→ 0.
We choose the sign of ζ to be negative so α is a slowly
growing function in time during dust domination. This
is done in order to match the latest observations which
suggest that α had a smaller value in the past [1]. How-
ever, we know that on small enough scales the dark
matter will become dominated by a baryonic contri-
bution for which ζ > 0. This will create distinctive
behaviour and will be investigated separately. Gener-
ally, past studies of spatially homogeneous cosmolo-
gies have effectively matched the value of αb with the
terrestrial value of α measured today. However, it is
clear that the value of the fine structure constant on
Earth, and most probably in our local cluster, will dif-
fer from that in the background universe. This feature
has been ignored when comparing observations of α
variations from quasar absorption spectra [1] with lo-
cal bounds derived by direct measurement [7] or from
Oklo [8] and long-lived β-decayers [9]. A similar un-
warranted assumption is generally made when using
solar system tests of general relativity to bound possi-
ble time variations in G in Brans–Dicke theory [11]:
there is no reason why G˙/G should be the same in
the solar system and on cosmological scales. Since
any varying-constant’s model require the existence of
a scalar field coupled to the matter fields, our consider-
ations apply to all other theories besides BSBM and to
variations of other ‘constants’ [12]. Note that this fea-
ture is much less important when using early universe
constraints like the CMB or BBN [13], since small per-
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radiation era [5].
In summary, using the BSBM theory we have
shown that spatial variations in α will inevitably
occur because of the development of large density
inhomogeneities in the universe. This was first shown
in the linear regime, when perturbations are small [5],
and then δα
α
tracks δρm
ρm
during the dust-dominated
era on scales smaller than the Hubble radius. We
have used the spherical collapse model to study the
space–time variations in α in the non-linear regime.
Strong differences arise between the value of α inside
a cluster and its value in the background and also
between clusters. Variations in α depend on the matter
density contrast of the cluster region and the redshift
at which it virialised. If the overdense regions are
still contracting and have not yet virialised, then the
value of α within them will continue to change.
Variations in α will cease when the cluster virialises
so long as it does so at moderate redshift. This leads
to larger values of α in the overdense regions than
in the cosmological background and means that time
variations in α will turn off in virialised overdensities
even though they continue in the background universe.
The fact that local α values ‘freeze in’ at virialisation,
means we would observe no time or spatial variations
in α on Earth, or elsewhere in our Galaxy, even
though time-variations in α might still be occurring
on extragalactic scales. For a cluster, the value of
α today will be the value of α at the virialisation
time of the cluster. We should observe significant
differences in α only when comparing clusters which
virialised at quite different redshifts. Differences will
arise within the same bound system only if it has not
reached viral equilibrium. Hence, variations in α using
geochemical methods could easily give a value that is
100 times smaller than is inferred from quasar spectra.
We conclude that the consideration of the evolutionof inhomogeneities, notably the one inside which
we live, is essential if we are to make meaningful
comparisons of different pieces of astronomical and
terrestrial evidence for the constancy of α.
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